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RENORMALIZED CHERN-GAUSS-BONNET FORMULA FOR
COMPLETE KA¨HLER-EINSTEIN METRICS
TAIJI MARUGAME
Abstract. We present a renormalized Gauss-Bonnet formula for a strictly
pseudoconvex manifold with a complete Ka¨hler metric given by a globally de-
fined potential function near the boundary. When the metric is asymptotically
Einstein, the boundary contribution in the formula is explicitly written down
in terms of the pseudo-hermitian geometry of the boundary and is shown to
be a global CR invariant. The CR invariant generalizes the Burns-Epstein
invariant on 3-dimensional CR manifolds.
1. Introduction
In recent years there has been much work on the renormalization of curvature
integrals for complete metrics. In conformal geometry, the renormalized volume
plays an important role in the study of a conformally compact Einstein metric and
its conformal infinity, and is motivated by the AdS/CFT correspondence in theoret-
ical physics; see [G2]. Several authors derive Gauss-Bonnet formulas incorporating
the renormalized volume; see [An], [CQY], [He], [S]. These works are based on the
cut-off method with respect to the special defining function, and deep analysis of
asymptotic behavior of the metric near the boundary.
In complex geometry, the corresponding setting is the complete Ka¨hler-Einstein
manifold (X, g) and the CR structure on the boundaryM = ∂X . The construction
of such metrics goes back to 1980 ([Fe2],[CY]) and the renormalized Gauss-Bonnet
formula for strictly pseudoconvex domains Cn+1 was derived by Burns and Epstein
[BE2] in 1990. In contrast to the conformal case, their method is much more
algebraic: the Bochner tensor Θ, or the trace-free part of the curvature of g, turns
out to be continuous up to the boundary and one can define renormalized Chern
classes ck(Θ) as invariant polynomials of Θ. The top Chern form cn+1(Θ) can be
integrated over X and defines a characteristic number of X . The renormalized
Gauss-Bonnet formula takes the form
(1.1)
∫
X
cn+1(Θ) = χ(X) + µ(M),
where µ(M) is a correction term determined by the CR geometry of the boundary.
In the n = 1 case, they derived µ(M) with a rather direct computation:
(1.2) µ(M) =
1
4pi2
∫
∂X
(
|A|2 − 1
4
Scal2
)
θ ∧ dθ,
where |A|2 is the squared norm of the Tanaka-Webster (TW) torsion and Scal is
the TW scalar curvature with respect to θ, which is assumed to be pseudo-Einstein
(see §4). The integral on the right-hand side can be generalized to abstract 3-
dimensional CR manifold M with trivial CR holomorphic tangent bundle ([BE1])
and µ(M) is now called the Burns-Epstein invariant; see [CL] and [BH] for further
generalization of the invariant in real 3-dimensions.
In the case n ≥ 2, the renormalized Gauss-Bonnet formula is derived from a
Chern-Simons type transgression formula defined on the Cartan bundle over a CR
1
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manifold. The boundary term µ(M) is defined as a paring of the transgression form
with a cycle, called the homological section, of the bundle. Due to this topological
procedure, it is not easy to relate µ(M) with the local CR or pseudo-hermitian
geometry of M . Also, the construction of the homological section is done by using
the global coordinates of Cn+1 and their result is confined to this setting.
We here derive a renormalized Gauss-Bonnet formula for a strictly pseudoconvex
manifold X with a complete Einstein metric of the form g = ∂∂ log(−1/ρ) near
the boundary M , where ρ is a defining function of M . In the formula, µ(M)
is given explicitly in terms of the TW curvature and torsion of the contact form
θ = (
√−1/2)(∂ρ− ∂ρ)|TM . In particular, in case dimRM = 5, we have
(1.3) µ(M) =
1
16pi3
∫
M
( 1
54
(Scal)3 − 1
12
|R|2Scal +RαβγδAαγAβδ
)
θ ∧ (dθ)2,
where R and A are respectively the TW curvature and torsion. For higher dimen-
sions, the integrand is given by a linear combination of complete contractions of
tensor products of several R and A.
We significantly simplify and generalize the derivation of µ(M) in [BE2] by intro-
ducing a local frame of the holomorphic tangent bundle T 1,0X which is compatible
with the CR structures of the foliation defined by the level sets of ρ. We can use
the local frame to derive a transgression form for cn+1(Θ), which is independent of
the choice of the frame and thus globally defined on X . It then becomes possible
to apply the classical method in Chern’s proof of the Gauss-Bonnet theorem [Ch]
to prove the renormalized version (1.1). This argument is irrelevant to the Einstein
condition and our first main theorem can be formulated as follows:
Theorem 1. Let X be an (n + 1)-dimensional compact complex manifold with
strictly pseudoconvex boundary M . Assume that X admits a complete hermitian
metric g which is of the form g = ∂∂ log(−1/ρ) near the boundary for a defining
function ρ of M . Let Θ be the Bochner tensor of g and set θ = (
√−1/2)(∂ρ −
∂ρ)|TM . Then the renormalized Chern form for g satisfies
(1.4)
∫
X
cn+1(Θ) = χ(X) + µ(M,ρ).
The boundary term is given by the integral
µ(M,ρ) =
∫
M
F (R,A, r) θ ∧ (dθ)n,
where F (R,A, r) is an invariant polynomial in the components of the TW curvature
R, TW torsion A and the transverse curvature r of ρ.
While the explicit form of F (R,A, r) is not easy to write down, in the course of
the proof, we obtain an expression
F (R,A, r) = Π(θi
j ,Θ),
where Π is a transgression form given explicitly as a polynomial in Θ and the
renormalized connection form θi
j of g; see Theorem 3.1.
We now specialize Theorem 1 to the case for asymptotically Einstein metric,
which is equivalent to imposing the approximate complex Monge-Ampe`re equation
for the defining function ρ.
Theorem 2. Let X and g be as in Theorem 1. Assume that ρ satisfies the approx-
imate complex Monge-Ampe`re equation. Then µ(M,ρ) is independent of the choice
of such ρ and defines a CR invariant µ(M) of M . Moreover, it has the form
µ(M) =
∫
M
F (R,A) θ ∧ (dθ)n,
RENORMALIZED CHERN-GAUSS-BONNET FORMULA 3
where F (R,A) is an invariant polynomial in the components of the TW curvature
R and torsion A. In the case n = 1 and 2, F (R,A) is respectively given by (1.2)
and (1.3).
Note that the existence of a global defining function ρ satisfying the asymptotic
Monge-Ampe`re equation is equivalent to the existence of a pseudo-Einstein contact
form. Thus we may say that the CR invariant µ(M) is defined on pseudo-Einstein
manifolds; see Theorem 4.5. It is also known that the boundary of a strictly pseu-
doconvex domain in a Stein manifold admits a pseudo-Einstein contact form [CC];
so Theorem 2 can be applied to such a domain.
While the formula of µ(M) for low dimensions is explicitly given, it is still not
easy to evaluate the integral. We give here two simple examples for which we can
write down µ(M) with a help of symmetry. First, let (L, h) → Y be a hermitian
line bundle over a compact 2-dimensional complex manifold. We assume that the
unit disc bundle X ⊂ L is strictly pseudoconvex, or equivalently, the curvature
curv(h) of h is negative definite. If we further assume that − curv(h) defines an
Ka¨hler-Einstein metric g, then the contact from defined from ρ = log h(v, v) is
pseudo-Einstein; so that the assumption of Theorem 2 is satisfied. In this setting,
we can write µ(M) for M = ∂X as follows:
(1.5) µ(M) =
σ
36
(
χ(Y )− 1
8pi2
∫
Y
|Weyl|2volg
)
,
where σ and Weyl are respectively the scalar and the Weyl curvatures of g as a
Riemannian metric. The second example is the boundary of a Reinhardt domain
Ωr = {(w0, w1, w2) ∈ C3 |
∑
(log |wi|)2 < r2}, on which O(3)×T3 acts transitively
as local CR diffeomorphisms. We can take a pseudo-Einstein contact form which is
invariant under this action, and the computation of µ(∂Ωr) is reduced to evaluating
Π at a single point of ∂Ωr. The result of the computation is
(1.6) µ(∂Ωr) = −20pi
27
1
r3
.
By Fefferman’s theorem, if two strictly pseudoconvex domains are biholomorphic,
then their boundaries are CR diffeomorphic. Since µ(∂Ωr) is a CR invariant, it
follows from (1.6) that Ωr and Ωr′ are biholomorphic if and only if r = r
′.
Finally, let us mention another global CR invariant defined from the Q-prime
curvature on pseudo-Einstein manifolds ([CaY], [Hi2]). Q-prime curvature is a local
invariant of a pseudo-Einstein contact form; while it is not a local CR invariant,
its integral is shown to be a global CR invariant, which is called the total Q-prime
curvature and denoted by Q′(M). For 3-dimensional manifolds, the total Q-prime
curvature agrees with the Burns-Epstein invariant. However, for higher dimensions,
µ(M) and Q′(M) have different properties. For example, if M is the boundary of
a complete Ka¨hler-Einstein manifold (X, g), then Q′(M) can be formulated as a
renormalized volume of (X, g). The details will appear in our joint paper with K.
Hirachi and Y. Matsumoto [HMM].
This paper is organized as follows. In §2, we review basic notions of the geom-
etry of CR manifolds and complex manifolds with boundary. In §3, we define the
renormalized connection by following Burns and Epstein. Then we prove Theorem
1 by constructing a transgression of the renormalized Chern form. In §4, we intro-
duce the approximate complex Monge-Ampe`re equation for a defining function, and
prove Theorem 2. In the last section, §5, is devoted to the proofs of the examples
(1.5) and (1.6).
Notations. We use Einstein’s summation convention and raise or lower indices
by the Levi form.
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• The lowercase Latin indices i, j, k, l run from 0 to n.
• The lowercase Greek indices α, β, γ run from 1 to n.
Acknowledgement. The author is grateful to his advisor Professor Kengo
Hirachi for introducing him to this work and for various suggestions. He thanks
Doctor Yoshihiko Matsumoto for helpful comments in the seminars. He also would
like to express his gratitude to Professor Daniel Burns and Professor Paul Yang for
having interest in this work and suggesting some related problems.
2. Pseudo-hermitian geometry
2.1. Pseudo-hermitian structures. LetM be a (2n+1)-dimensional C∞ mani-
fold. A CR structure onM is a pair (H, J), where H ⊂ TM is a subbundle of rank
2n called the Levi distribution and J is an almost complex structure on H . The
complexification of H has the eigenspace decomposition with respect to J :
C⊗H = T 1,0M ⊕ T 0,1M, T 0,1M = T 1,0M.
Here, T 1,0M is the eigenspace corresponding to the eigenvalue
√−1, and called
(CR) holomorphic tangent bundle of M . We assume that T 1,0M satisfies the fol-
lowing integrability condition:
[Γ(T 1,0M), Γ(T 1,0M)] ⊂ Γ(T 1,0M).
Suppose that M is orientable. Then there exists a global nonvanishing real
1-form θ which annihilates H . For a choice of such θ, the Levi form is defined by
Lθ(V,W ) = −
√−1dθ(V ∧W ) V,W ∈ T 1,0M.
A CR structure is said to be strictly pseudoconvex if θ can be taken so that Lθ
is positive definite. Such a θ is called a pseudo-hermitian structure or a contact
form. For another contact form θ̂ = eΥθ (Υ ∈ C∞(M)), the Levi form transforms
as L
θ̂
= eΥLθ, so the conformal class of the Levi form is well-defined for a CR
structure. In this point of view, one can regard CR structures as “pseudo-conformal
structures”. Fixing a contact form, we can define a canonical linear connection onM
called the Tanaka-Webster (TW) connection [W], [T], which is described as follows:
Let T be the characteristic vector field, which is the real vector field characterized
by
θ(T ) = 1, T ydθ = 0.
A local frame {T, Zα, Zα} of C ⊗ TM is called an admissible frame when {Zα} is
a local frame of T 1,0M and Zα = Zα. The dual frame {θ, θα, θα} of an admissible
frame is called an admissible coframe. In an admissible coframe, dθ can be written
as
dθ =
√−1hαβθα ∧ θβ
and the TW connection ∇ is defined by
∇T = 0, ∇Zα = ωαβ ⊗ Zβ , ∇Zα = ωαβ ⊗ Zβ (ωαβ = ωαβ)
with structure equations
dθα = θβ ∧ ωβα +Aαβθ ∧ θβ
dhαβ = ωα
γhγβ + hαγωβ
γ .
The tensor Aαβ is called the Tanaka-Webster (TW) torsion, and satisfies Aαβ =
Aβα. We will use the symbol T as the index of tensors corresponding to the direction
T , and will denote components of covariant derivatives with indices preceded by
a comma, e.g. Aαβ,γ = ∇γAαβ . We usually omit the comma for functions. For
a function f , one can write as df = fT θ + ∂bf + ∂bf , where ∂bf := fαθ
α and
∂bf := fαθ
α. The sub-Laplacian ∆b is defined by ∆bf = −fγγ − fγγ . A function
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f is called a CR holomorphic function if ∂bf = 0, and a real valued function is CR
pluriharmonic if it is locally the real part of a CR holomorphic function.
The curvature form of the TW connection Ωα
β = dωα
β −ωαγ ∧ωγβ satisfies the
structure equation
Ωα
β = Rα
β
γδ θ
γ ∧ θδ +Aαγ,βθγ ∧ θ −Aβγ,αθγ ∧ θ
−√−1 Aαγθγ ∧ θβ +
√−1 hαγAβδθγ ∧ θδ.
We will use the Levi form hαβ to raise and lower the indices. The tensor Rαβγδ,
called the Tanaka-Webster (TW) curvature, has the following symmetry:
Rαβγδ = Rγβαδ, Rαβγδ = Rαδγβ, Rαβγδ = Rβαδγ(:= Rβαδγ).
Contracting the curvature tensor, we define the Ricci and scalar curvatures:
Ricγδ = Rα
α
γδ, Scal = Ricγ
γ .
2.2. Strictly pseudoconvex manifolds. Let X be a relatively compact domain
with smooth boundary in a complex manifold X˜. A defining function of X is a
smooth real function on X˜ such that X = {ρ < 0} and dρ 6= 0 at ∂X . The
boundary M = ∂X has a natural CR structure induced by the complex structure
J of X˜; the Levi distribution H is the maximal J-invariant subbundle of TM , and
the restriction of J defines an almost complex structure on H . The integrability
condition for the CR structure follows from that of J . We say X is a strictly
pseudoconvex manifold if the Levi form of the contact form(
√−1/2)(∂ρ− ∂ρ)|TM
is positive definite.
Let us recall the Graham-Lee connection [GL] for a defining function ρ. When
the boundary M = ∂X is strictly pseudoconvex, there exists a unique (1,0)-vector
field ξ near M satisfying
(2.1) ξρ = 1, ξy ∂∂ρ = r∂ρ
with a real function r. We call r the transverse curvature of ρ. Let {θ0, θα} be the
dual frame of a local (1,0)-frame {W0 = ξ ,Wα} with {Wα} a frame for H :=Ker∂ρ.
Then θ0 = ∂ρ and one can write as
(2.2) ∂∂ρ = hαβθ
α ∧ θβ + r∂ρ ∧ ∂ρ.
For sufficiently small ε > 0, M−ε := {ρ = −ε} is a strictly pseudoconvex CR
manifold and the restriction of θ := (
√−1/2)(∂ρ− ∂ρ) gives a contact form. From
(2.2), the Levi form for this contact form is hαβ and the restriction of {θ, θα, θα}
becomes an admissible coframe. We write
ξ = N −
√−1
2
T
with real vector fields N and T . Then one can check that
Nρ = 1, θ(N) = 0, T ρ = 0, θ(T ) = 1, T ydθ|TM−ε = 0
so T is the characteristic vector field on each M−ε.
Now the Graham-Lee connection is defined by the following proposition:
Proposition 2.1 ([GL]). For a defining function ρ, there exists a unique linear
connection ∇ on X near M with the properties:
(a) For any vector fields Y and Z that are tangent to some M−ε, ∇Y Z =
∇−εY Z where ∇−ε is the TW connection on M−ε.
(b) ∇T = ∇N = 0 and ∇hαβ = 0.
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(c) Let {Wα} be any frame for H and {∂ρ, θα} the (1, 0)-coframe dual to
{ξ,Wα}. The connection one-forms ϕαβ, defined by ∇Wα = ϕαβ ⊗Wβ,
satisfy the following structure equation:
(2.3) dθα = θβ ∧ ϕβα −
√−1Aαγ∂ρ ∧ θγ − rα∂ρ ∧ ∂ρ+ 1
2
rdρ ∧ θα.
The curvature form Ωα
β = dϕα
β − ϕαγ ∧ ϕγβ is given by
Ωα
β = Rα
β
γδ θ
γ ∧ θδ +√−1Aαγ,βθγ ∧ ∂ρ+
√−1Aβγ,αθγ ∧ ∂ρ
−√−1 Aαγθγ ∧ θβ +
√−1 hαγAβδθγ ∧ θδ
+ dρ ∧
(
rαθ
β − rβθα + 1
2
δα
βrγθ
γ − 1
2
δα
βrγθ
γ
)
− 1
2
(
rα
β + rβα + 2AαγA
γβ
)
∂ρ ∧ ∂ρ,
where Rα
β
γδ are the components of the TW curvature tensor, and δα
β denotes the
Kronecker delta.
Note that the condition (a) follows from the others. One can see that Aαβ above
coincides with the TW torsion on each M−ε. We will use the index 0 for the
covariant differentiation in the direction ξ, e.g., Aαβ,0 = Aαβ,N − (
√−1/2)Aαβ,T .
3. Proof of Theorem 1
3.1. Transgression and Gauss-Bonnet formula. Let X be a strictly pseudo-
convex manifold and ρ a defining function of X . By strict pseudoconvexity, a (1, 1)-
form ∂∂ log(−1/ρ) defines a Ka¨hler metric on X near the boundary M = ∂X . We
extend this metric to a hermitian metric g on X , and denote the connection and the
curvature forms of g by ψi
j and Ψi
j respectively. Burns and Epstein [BE2] renor-
malized these forms by subtracting singularities. The renormalized connection form
is defined by
(3.1) θi
j := ψi
j + Yi
j ,
where
Yi
j :=
1
ρ
(
δi
jρk + δk
jρi
)
θk.
The renormalized curvature is defined by
(3.2) Wi
j := Ψi
j +Ki
j ,
where
Ki
j :=
(
δi
jgkl + δk
jgil
)
θk ∧ θl.
The curvature Θi
j = dθi
j − θik ∧ θkj is called the Bochner tensor of g. Burns
and Epstein showed that θi
j is continuous up to the boundary and defined the
characteristic number by
(3.3)
∫
X
cn+1(Θ) =
∫
X
det
(√−1
2pi
Θi
j
)
.
We decompose (3.3) into the Euler characteristic and a boundary integral by con-
structing a transgression form for cn+1(Θ). Let ξ be the (1, 0)-vector field near
M characterized by (2.1). We extend ξ to X so that it has finitely many non-
degenerate zero points {p1, . . . , pm}. Take a non-vanishing (1, 0)-vector filed V on
X \{p1, . . . , pm} which satisfies V = ξ nearM and V = ξ/|ξ|g near each pj . We ex-
tend H = Ker ∂ρ to X \{p1, . . . , pm} so that T 1,0(X \{p1, . . . , pm}) = CV ⊕H holds
and we take a local (1, 0)-frame as {W0 = V,Wα} according to the decomposition.
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We construct a differential form Π on X \ {p1, . . . , pm} such that dΠ = cn+1(Θ).
Then we have ∫
X
cn+1(Θ) = − lim
ε→0
m∑
j=1
∫
∂Bε(pj)
Π+
∫
M
Π,
where Bε(pj) is the ball of radius ε centered at pj with respect to g. The first term
in the right-hand side is shown to be the sum of the indices of Re ξ, which equals
χ(X) by the Poincare´-Hopf theorem. The second term can be expressed in terms
of the Graham-Lee connection.
The transgression form Π is given by the following proposition.
Proposition 3.1. There exists a differential form Π on X \ {p1, . . . , pm} that
satisfies
cn+1(Θ) = dΠ.
Moreover, Π is given by
Π =
1
n!
(√−1
2pi
)n+1 n∑
k=0
(
n
k
)
(Φ
(0)
k − Φ(1)k ),
where
Φ
(0)
0 =
∑
σ,τ∈Sn
sgn(στ) θ0
0θσ(1)
0θ0
τ(1) · · · θσ(n)0θ0τ(n),
Φ
(0)
k =
∑
σ,τ∈Sn
sgn(στ) θ0
0Θσ(1)
τ(1) · · ·Θσ(k)τ(k)
· θσ(k+1)0θ0τ(k+1) · · · θσ(n)0θ0τ(n) (1 ≤ k ≤ n),
Φ
(1)
0 =
∑
σ,τ∈Sn
sgn(στ) Θσ(1)
0θ0
τ(1)θσ(2)
0θ0
τ(2) · · · θσ(n)0θ0τ(n),
Φ
(1)
k =
∑
σ,τ∈Sn
sgn(στ) Θσ(1)
0θ0
τ(1)Θσ(2)
τ(2) · · ·Θσ(k+1)τ(k+1)
· θσ(k+2)0θ0τ(k+2) · · · θσ(n)0θ0τ(n) (1 ≤ k ≤ n− 1),
Φ(1)n = 0.
In the above proposition, Sk denotes the symmetric group of order k, and Sn+1
acts on {0, 1, . . . , n} while Sn acts on {1, 2, . . . , n}. We have omitted the wedge
product symbols in the formulas.
Proof. Let us define a linear connection ∇˜ on T 1,0(X \ {p1, . . . , pm}) by
∇˜W0 = 0,
∇˜Wα = θαi ⊗Wi,
and set
∇˜(t) := t∇+ (1− t)∇˜,
where ∇ is the connection defined by θij . Then the connection form of ∇˜(t) is(
tθ0
0 tθ0
α
θβ
0 θβ
α
)
and the curvature Θt is given by
(3.4)
(Θt)0
0
= tΘ0
0,
(Θt)0
α = tΘ0
α + (t− t2)θ00 ∧ θ0α,
(Θt)β
0
= Θβ
0 + (1− t)θβ0 ∧ θ00,
(Θt)β
α
= Θβ
α + (1− t)θβ0 ∧ θ0α
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The (n+ 1)-st Chern form is expressed as
cn+1(Θ) =
1
(n+ 1)!
(√−1
2pi
)n+1
P (Θ, . . . ,Θ)
with the invariant polynomial
P (A0, A1, . . . , An) =
∑
σ,τ∈Sn+1
sgn(στ) (A0)σ(0)
τ(0) · · · (An)σ(n)τ(n).
Since cn+1(Θ0) = cn+1(Θ˜) = 0, we have
cn+1(Θ) = cn+1(Θ)− cn+1(Θ˜) =
∫ 1
0
d
dt
cn+1(Θt)dt(3.5)
=
1
n!
(√−1
2pi
)n+1 ∫ 1
0
P (Θ˙t,Θt, . . . ,Θt)dt.
Here dots denote the differentiation with respect to t. We claim that
(3.6) P (Θ˙t,Θt, . . . ,Θt) = dP (θ˙t,Θt, . . . ,Θt).
Since P is an invariant polynomial, we can work with any frame. Fixing t, we take
a frame such that (θt)i
j
= 0 at a point. Then dθ˙t = Θ˙t, dΘt = 0 at the point, so
we get (3.6). From (3.5) and (3.6), we have cn+1(Θ) = dΠ with
(3.7) Π =
1
n!
(√−1
2pi
)n+1 ∫ 1
0
P (θ˙t,Θt, . . . ,Θt)dt.
Now we calculate
(3.8) P (θ˙t,Θt, . . . ,Θt) =
∑
σ,τ∈Sn+1
sgn(στ) (θ˙t)σ(0)
τ(0)
(Θt)σ(1)
τ(1) · · · (Θt)σ(n)τ(n)
with respect to a local frame {W0,Wα}. In this frame,
θ˙t =
(
θ0
0 θ0
α
0 0
)
so (θ˙t)σ(0)
τ(0)
= 0 unless σ(0) = 0. We decompose the right-hand side of (3.8) into
two parts according to whether τ(0) = 0 or not:
∑
σ,τ∈Sn+1
sgn(στ) (θ˙t)σ(0)
τ(0)
(Θt)σ(1)
τ(1) · · · (Θt)σ(n)τ(n) = Π1 +Π2,
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where Π1 and Π2 are given by
Π1 =
∑
σ,τ∈Sn
sgn(στ) θ0
0(Θt)σ(1)
τ(1) · · · (Θt)σ(n)τ(n)
=
∑
σ,τ∈Sn
sgn(στ) θ0
0
(
Θσ(1)
τ(1) + (1− t)θσ(1)0θ0τ(1)
)
· · ·
(
Θσ(n)
τ(n) + (1− t)θσ(n)0θ0τ(n)
)
=
n∑
k=0
(
n
k
)
(1− t)n−kΦ(0)k ,
Π2 = −n
∑
σ,τ∈Sn
sgn(στ) θ0
τ(1)(Θt)σ(1)
0
(Θt)σ(2)
τ(2) · · · (Θt)σ(n)τ(n)
= −n
∑
σ,τ∈Sn
sgn(στ) θ0
τ(1)
(
Θσ(1)
0 + (1 − t)θσ(1)0θ00
)
·
(
Θσ(2)
τ(2) + (1− t)θσ(2)0θ0τ(2)
)
· · ·
(
Θσ(n)
τ(n) + (1− t)θσ(n)0θ0τ(n)
)
= −
n−1∑
k=0
n
(
n− 1
k
)
(1− t)n−k−1Φ(1)k +
n−1∑
k=0
n
(
n− 1
k
)
(1− t)n−kΦ(0)k .
Substituting these forms into (3.7) and computing the integration with respect to
t, we obtain the formula of Π. 
We prove that the integral of Π over ∂Bε(pj) converges to the index of Re ξ at
pj as ε→ 0. To relate the integration of the connection forms to the index, we use
the following lemma.
Lemma 3.2. Let (M, g) be an (n+1)-dimensional oriented Riemannian manifold
and ξ a vector field on a neighborhood U of a point p ∈M . Suppose that Zero(ξ) =
{p} and V is non-degenerate at p. For a linear connection ∇ on U , we denote
by ωi
j the connection 1-form with respect to a local oriented orthonormal frame
{e0 = ξ/|ξ|g, e1, . . . , en} on U \ {p}. Then,
(3.9) lim
ε→0
1
vol(Sn)
∫
∂Bε(p)
ω0
1 ∧ · · · ∧ ω0n = Index(p, ξ).
Here, vol(Sn) is the volume of the unit sphere in Rn+1, and Bε(p) is the ball of
radius ε centered at p with respect to g.
This is a standard fact of the index of a vector field, but we include a proof as
we use the estimate in the proof to study the integral of Π.
Proof. Take normal coordinates (x0, . . . , xn) about p. Then, in the coordinates, we
can identify ∂Bε(p) with the sphere S
n
ε in R
n+1.
First we prove (3.9) in the case where ∇ is the trivial connection ∇˜ with respect
to some oriented orthonormal frame (u0, . . . , un) for g. Write e0 = F
i(x)ui, and
define Fε : S
n
ε −→ Snε by Fε(x) = (εF 0(x), . . . , εFn(x)). Then
Index(p, ξ) =
1
vol(Snε )
∫
Snε
F ∗ε volSnε
=
1
vol(Sn)
∫
Snε
n∑
i=0
(−1)iF idF 0 ∧ · · · ∧ d̂F i ∧ · · · ∧ dFn.
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Let ω˜ ji denote the connection form of ∇˜ with respect to (e0, . . . , en). If we write
ej = aj
l(x)ul with SO(n+ 1)-valued function (aj
l), then a0
l = F l and
∇˜e0 = dF l ⊗ ul =
∑
k
(∑
l
dF l · akl
)
⊗ ek
which implies
(ω˜ 00 , ω˜
1
0 , . . . , ω˜
n
0 ) = (dF
0, dF 1, . . . , dFn)


F 0 a1
0 · · · an0
F 1 a1
1 · · · an1
...
...
. . .
...
Fn a1
n · · · ann

 .
Since the matrix in the right-hand side is in SO(n+ 1),
ω˜ 10 ∧ · · · ∧ ω˜ n0 =
n∑
i=0
(−1)iF idF 0 ∧ · · · ∧ d̂F i ∧ · · · ∧ dFn.
Therefore the integration in (3.9) equals the index before we take limit.
Now we consider general cases. For a general ∇, we can write as
∇ = ∇˜+A, A ∈ Ω1(End TU).
Define δε : S
n −→ Snε by δε(x) = εx and set Ωε = δ∗ε (ω01 ∧ · · · ∧ ω0N
∣∣
TSnε
). Then
1
vol(Sn)
∫
∂Bε(p)
ω0
1 ∧ · · · ∧ ω0n = 1
vol(Sn)
∫
Sn
Ωε.
We claim that
(3.10) δ∗ε (ω˜
k
0
∣∣
TSnε
) = O(1)
and
(3.11) δ∗ε (Ai
j
∣∣
TSnε
) = O(ε)
in the frame (e0, . . . , en). First, ω˜
k
0 =
∑
l dF
l · akl and
δ∗εdF
l = δ∗εd
( ξl
|ξ|g
)
= δ∗ε
( dξl
|ξ|g −
d(|ξ|2g)
2|ξ|3g
)
.
Since p is a non-degenerate zero point, we have
δ∗εξ
l = O(ε), δ∗ε (1/|ξ|g) = O(ε−1), δ∗εdξl = O(ε), δ∗εd(|ξ|2g) = O(ε2).
Therefore, δε
∗dF l = O(1) so we obtain (3.10). The second estimate (3.11) is
immediate since A is a tensor valued 1-form. From these estimates, it follows that
Ωε = δ
∗
ε
(
(ω˜ 10 +A0
1) ∧ · · · ∧ (ω˜0n +A0n)
)∣∣
TSnε
= δ∗ε
(
ω˜ 10 ∧ · · · ∧ ω˜ n0
)∣∣
TSnε
+O(ε).
Consequently,
lim
ε→0
1
vol(Sn)
∫
Sn
Ωε = lim
ε→0
1
vol(Sn)
∫
Sn
δ∗ε
(
ω˜ 10 ∧ · · · ∧ ω˜ n0
)∣∣
TSnε
= lim
ε→0
1
vol(Sn)
∫
Snε
ω˜ 10 ∧ · · · ∧ ω˜ n0
= Index(p, ξ),
which completes the proof of the lemma. 
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As the corollary to the proof above, we can show the complex version of this
lemma:
Corollary 3.3. Let (X, g) be an (n + 1)-dimensional hermitian manifold and ξ a
(1, 0)-vector field on a neighborhood U of a point p ∈ X. Suppose that Zero(ξ) = {p}
and V is non-degenerate at p. For a linear connection ∇ on T 1,0U , we denote by
ωi
j the connection 1-form with respect to a local orthonormal (1, 0)-frame {e0 =
ξ/|ξ|g, e1, . . . , en} on U \ {p}. Then
lim
ε→0
1
vol(S2n+1)
∫
∂Bε(p)
(
√−1)n−1
2n
ω0
0 ∧ ω10 ∧ ω01 ∧ · · · ∧ ωn0 ∧ ω0n
= Index(p,Re ξ).
Now consider the integral of the transgression form Π over ∂Bε(pj). As in the
proof of Lemma 3.2, we can write as∫
∂Bε(pj)
Π =
∫
S2n+1
δ∗εΠ
in normal coordinates about pj , and we can estimate as
δ∗εθi
j = O(1), δ∗εΘi
j = O(ε2)
since Θi
j is a tensor valued 2-form. As a result, we see that the terms in Π which
involves the curvature form do not contribute to the limit. Therefore, we have
− lim
ε→0
m∑
j=1
∫
∂Bε(pj)
Π = − lim
ε→0
m∑
j=1
∫
∂Bε(pj)
(√−1
2pi
)n+1
n! θ0
0θ1
0θ0
1 · · · θn0θ0n
= −
(√−1
2pi
)n+1
n! vol(S2n+1)
2n
(
√−1)n−1
m∑
j=1
Index(pj ,Re ξ)
=
m∑
j=1
Index(pj ,Re ξ).
The sum of the index of Re ξ gives the Euler characteristic of X by the Poincare´-
Hopf theorem (see e.g. [M]):
Theorem 3.4. Let X be a compact complex manifold with boundary and ξ a (1, 0)-
vector field on X which has finitely many non-degenerate zero points {p1, . . . , pm}.
Suppose that Re ξ is pointing in the outer direction at the boundary. Then
m∑
j=1
Index(pj ,Re ξ) = χ(X).
Thus we have the Gauss-Bonnet formula
(3.12)
∫
X
cn+1(Θ) = χ(X) +
∫
M
Π.
3.2. Boundary integral. Finally, we shall express the boundary term in (3.12) in
terms of the pseudo-hermitian structure and the transverse curvature.
Proposition 3.5. With respect to an admissible coframe {θ0 = ∂ρ, θα}, the renor-
malized connection θi
j is expressed near M with the Graham-Lee connection ϕα
β
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as follows:
θβ
α = ϕβ
α +
√−1rϑδβα,
θ0
α = rθα −√−1Aαγθγ − rα∂ρ
θβ
0 = −hβγθγ + −ρrβ
1− rρ∂ρ+
√−1ρ
1− rρAβγθ
γ ,
θ0
0 = −r∂ρ+ −ρr
2
1− rρ∂ρ+
−ρ
1− rρ∂r,
where ϑ = (
√−1/2)(∂ρ − ∂ρ). The Bochnor tensor Θij and the renormalized
curvature Wi
j are related as
(3.13) Wi
j = Θi
j − ui ∧ θj ,
where
u0 =
r2
1− rρ∂ρ+
1
1− rρ∂r,
uβ = −
√−1
1− rρAβγθ
γ +
rβ
1− rρ∂ρ.
Proof. Write θi
j = θi
j
l θ
l + θi
j
l θ
l. We compare the structure equations of both
connections. Since g is Ka¨hler near M , ψi
j satisfies
dθi = θj ∧ ψji(3.14)
ψi
kgkj + gikψj
k = dgij(3.15)
with
(3.16) (gij) =
(
(1− rρ)/ρ2 0
0 −hαβ/ρ
)
.
From (3.1) and (3.14),
dθα = θβ ∧ ψβα + ∂ρ ∧ ψ0α
= θβ ∧
(
θβ
α +
∂ρ
−ρ δβ
α
)
+ ∂ρ ∧
(
θ0
α +
1
−ρθ
α
)
= θβ ∧ θβα + ∂ρ ∧ θ0α,
while the structure equation (2.3) gives
dθα = θβ ∧ ϕβα −
√−1Aαγ∂ρ ∧ θγ − rα∂ρ ∧ ∂ρ+ 1
2
rdρ ∧ θα.
So we have
(3.17) θ0
α
0 = −rα, θ0αβ = −
√−1Aαβ .
Similarly, comparing the equations
−∂∂ρ = dθ0 = θβ ∧ ψβ0 + ∂ρ ∧ ψ00 = θβ ∧ θβ0 + ∂ρ ∧ θ00
and
∂∂ρ = hαβθ
α ∧ θβ + r∂ρ ∧ ∂ρ,
we get
(3.18) θ0
0
0 = −r, θ00γ = 0, θ00γ = θγ00, θα00 = 0, θα0γ = −hαγ .
The equation (3.15) for (i, j) = (α, 0) is equivalent to
(3.19)
1− rρ
ρ2
θα
0 +
hαβ
−ρ
(
θ0
β +
1
−ρθ
β
)
= 0.
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From (3.17), (3.18), and (3.19), we have
θα
0
γ =
√−1ρ
1− rρAαγ , θα
0
0 =
−ρ
1− rρrα, θ0
β
γ = rδγ
β , θ0
β
0 = 0.
The equation (3.15) for (i, j) = (0, 0), (α, β) and (3.18) give
θ0
0
0 =
−ρ(r2 + r0)
1− rρ , θα
γhγβ + hαγθβ
γ = dhαβ .
Finally, using (3.17), we obtain
dθα = θβ ∧ θβα + ∂ρ ∧ θ0α
= θβ ∧
(
θβ
α −√−1rϑδβα
)
−√−1Aαγ∂ρ ∧ θγ − rα∂ρ ∧ ∂ρ+ r
2
dρ ∧ θα.
This implies that θβ
α−√−1rϑδβα satisfies the characterization of the Graham-Lee
connection ϕβ
α. Now it is straightforward to calculate Wi
j :
Wi
j = Ψi
j +Ki
j
= Θi
j − dYij − Yik ∧ Ykj + Yik ∧ θkj + θik ∧ Ykj +Kij
and
dYi
j + Yi
k ∧ Ykj = (gklθk ∧ θl)δij − δi0
∂ρ ∧ θj
ρ2
+ δi
0 dθ
j
ρ
Yβ
k ∧ θkα + θβk ∧ Ykα = 1
ρ
θβ
0 ∧ θα
Y0
k ∧ θk0 + θ0k ∧ Yk0 = 1
ρ
θγ ∧ θγ0
Yβ
k ∧ θk0 + θβk ∧ Yk0 = −1
ρ
∂ρ ∧ θγ0
Y0
k ∧ θkα + θ0k ∧ Ykα = 1
ρ
θγ ∧ θγα + 1
ρ
∂ρ ∧ θ0α + 1
ρ
θ0
0 ∧ θα
Ki
j = (gklθ
k ∧ θl)δij + gilθj ∧ θl
from which (3.13) follows. 
From the proposition above, we can express the renormalized connection and
curvature at the boundary with the transverse curvature, the TW curvature and
torsion, and their covariant derivatives:
Corollary 3.6. With respect to an admissible coframe {θ0 = ∂ρ, θα}, the renor-
malized connection and curvature satisfy
θβ
α|TM = ωβα +
√−1rθδβα,
θ0
α|TM = rθα −
√−1Aαγθγ +
√−1rαθ,
θβ
0|TM = −hαγθγ ,
θ0
0|TM =
√−1rθ,
Θβ
α|TM = (Rβαγδ − rδβαhγδ − rδγαhβδ)θγ ∧ θδ + (Aβγ,α +
√−1rγδβα)θγ ∧ θ
− (Aαγ,β −
√−1rγδβα −
√−1rαhβγ)θγ ∧ θ −
√−1Aβγθγ ∧ θα,
Θβ
0|TM = Aβγθγ ∧ θ.
When we substitute the above formulas to Π, we can neglect terms involving θ in
θ0
α and Θβ
α since each Φ
(i)
k contains θ0
0 or Θβ
0. Consequently, Π|TM contains no
covariant derivatives and we obtain the boundary term µ(M,ρ) of the form stated
in Theorem 1.
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4. Proof of Theorem 2
4.1. Pseudo-Einstein structures. We start with a review of some notions con-
cerned. Let M be a (2n+ 1)-dimensional strictly pseudoconvex CR manifold. The
CR canonical bundle KM is defined by
∧n+1
(T 0,1M)⊥ ⊂ ∧n+1(C⊗ T ∗M). When
a local section ζ of KM satisfies
θ ∧ (dθ)n = (√−1)n2n! θ ∧ (T yζ) ∧ (T yζ)
for a contact form θ, we say that θ is volume normalized with respect to ζ. We
remark that θ is volume normalized if and only if ζ is locally expressed in the form
ζ = e
√−1γθ ∧ θ1 ∧ · · · ∧ θn
with a real function γ, for an admissible coframe satisfying dθ =
√−1∑ θα ∧ θα.
Definition 4.1. A contact form θ is pseudo-Einstein if, in a neighborhood of each
point p ∈M , there exists a closed section of KM with respect to which θ is volume
normalized.
It is shown in [L2] that, when n ≥ 2, a contact form is pseudo-Einstein if and
only if the TW Ricci curvature satisfies
(4.1) Ricαβ =
1
n
Scal hαβ .
This equation is analogous to the Einstein equation in Riemannian geometry, but
(4.1) does not imply that the scalar curvature is constant. When n = 1, the
equation (4.1) is always satisfied, and it is shown in [Hi1] that a contact form is
pseudo-Einstein if and only if (Scal)1 −
√−1A11,1 = 0.
The set of pseudo-Einstein contact forms is parametrized by CR pluriharmonic
functions. This fact is shown in [L2] for n ≥ 2, but the proof is also valid for n = 1.
Proposition 4.2 ([L2]). If θ is pseudo-Einstein, then θ̂ = eΥθ is pseudo-Einstein
if and only if Υ is CR plurihamonic.
4.2. Complex Monge-Ampe`re equation. Let ρ be a defining function of an
(n + 1)-dimensional pseudoconvex manifold X with the boundary M . Take local
holomorphic coordinates (z0, . . . , zn). We denote partial derivatives by subscripts,
e.g. ∂f/∂zi = fi. We set
J [ρ] = det
(
ρ ρj
ρi ρij
)
and call J the Monge-Ampe`re operator. By the column transformation,
(4.2) J [ρ] = det
(
ρ 0
ρi ρij −
ρiρj
ρ
)
= −(−ρ)n+2 det
( ∂2
∂zi∂zj
log
1
−ρ
)
.
From this expression, one can see that
(4.3) J [efρ] = e(n+2)fJ [ρ] if ∂∂f = 0.
Also, we have the transformation law for the change of local coordinates: Let
w = F (z) be another holomorphic coordinate system. We distinguish the Monge-
Ampe`re operators in two coordinate systems by the corresponding subscripts. Then,
Jz[ρ] = | detF ′|2Jw[ρ],
where F ′ denotes the holomorphic Jacobian. Combining the above two formulas,
we have
Jz[| detF ′|− 2n+2 ρ] = Jw[ρ].
Suppose that g = ∂∂ log(−1/ρ) defines a Ka¨hler metric. From (4.2),
(4.4) −∂∂ log(−J [ρ]) = Ric(g) + (n+ 2)g,
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so if J [ρ] = −ef for some pluriharmonic function f , then g is a Ka¨hler-Einstein
metric. By (4.3), to find such a defining function is equivalent to solving the
following Monge-Ampe`re equation:
J [ρ] = −1, ρ < 0 in X
ρ = 0 on M.
For a strictly pseudoconvex domain in Cn+1, Cheng and Yau [CY] established the
existence and uniqueness of the solution to the Monge-Ampe`re equation. However,
we do not need the exact solution for our purpose. We use the following Fefferman’s
approximate solutions:
Theorem 4.3 ([Fe2]). For a strictly pseudoconvex domain X in Cn+1, there exists
a defining function ρ ∈ C∞(X) such that
(4.5) J [ρ] = −1 +O(ρn+2).
If another defining function ρ˜ satisfies the same equation, then
ρ− ρ˜ = O(ρn+3).
We can take Fefferman’s defining function in local coordinates around each point
on the boundary, but we need a global potential function to apply Theorem 1. So
we assume that X admits a global approximate solution to the Monge-Ampe`re
equation, in the sense of [HPT]:
Definition 4.4. A function ρ ∈ C∞(X) is called a global approximate solution to
the Monge-Ampe`re equation if for any p ∈ M , there is a holomorphic coordinate
system around p such that ρ is a Fefferman’s approximate solution in the chosen
coordinates.
This notion is closely related to the pseudo-Einstein structures on the boundary:
Theorem 4.5 ([HPT]). There is a global approximate solution ρ to the Monge-
Ampe`re equation on X if and only if M carries a pseudo-Einstein contact form. In
this case, the contact form (
√−1/2)(∂ρ− ∂ρ)|TM induced by a global approximate
solution ρ is pseudo-Einstein.
4.3. Approximate Einstein equation. When ρ is an approximate solution to
the Monge-Ampe`re equation, the metric g = ∂∂ log(−1/ρ) satisfies the approximate
Einstein equation:
(4.6) Ric(g) + (n+ 2)g = −∂∂ log(−J [ρ]) = ∂∂ O(ρn+2),
where ∂∂ O(ρn+2) stands for a term of the form ∂∂(ρn+2φ) for some function φ ∈
C∞(X). In order to derive a formula for the boundary value of the transverse
curvature from the Einstein equation, let us calculate the trace of the renormalized
curvature in two ways: Firstly, taking traces of (3.2) and (3.13), and using ui∧θi =
0, we have
Θi
i =Wi
i = Ψi
i +Ki
i = Ric(g) + (n+ 2)g,
so that, by (4.6),
(4.7) Θi
i = ∂∂ O(ρn+2).
Secondly, by Propositions 2.1 and 3.5, we have
(4.8) Θi
i = dθγ
γ + dθ0
0,
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where
dθγ
γ = dϕγ
γ +
√−1ndr ∧ θ +√−1nrdθ,
dϕγ
γ = Ricγµθ
γ ∧ θµ +√−1Aβγ,βθγ ∧ ∂ρ+
√−1Aβγ,βθγ ∧ ∂ρ
+ dρ ∧ n+ 2
2
(
rγθ
γ − rγθγ
)
+
1
2
(
∆br − 2|A|2
)
∂ρ ∧ ∂ρ,
dθ0
0 = −dr ∧ ∂ρ− r∂∂ρ+ r
2
1− rρ∂ρ ∧ ∂ρ+
−2rρ
1− rρdr ∧ ∂ρ
+
−r2ρ
(1 − rρ)2 d(rρ) ∧ ∂ρ+
ρr2
1− rρ∂∂ρ−
1
1− rρdρ ∧ ∂r
+
−ρ
(1 − rρ)2 d(rρ) ∧ ∂r +
ρ
1− rρ∂∂r.
Comparing the coefficients of ∂ρ∧∂ρ, θγ ∧∂ρ, θα ∧ θβ in (4.7) and (4.8), we obtain
(4.9) − nrN + 1
2
(∆br − 2|A|2)− nr2 + ρ
1− rρr00 +
2r3ρ
1− rρ
+
r2ρ2
(1− rρ)2 r0 +
r3ρ
(1− rρ)2 +
ρ2
(1− rρ)2 r0r0 +
rρ
(1 − rρ)2 r0
+
4rρ
1− rρrN +
ρ
1− rρrγr
γ = O(ρn),
(4.10)
√−1Aγβ,β − (n+ 2)rγ + rγ
(1− rρ)2
+
ρ2
(1 − rρ)2 r0rγ +
ρ
1− rρ (r0γ −
√−1rµAµγ) = O(ρn+1),
(4.11) Ricαβ − (n+ 1)rhαβ +
ρ2
(1− rρ)2 rαrβ
+
ρr2
1− rρhαβ +
ρ
1− rρ (r0hαβ + rαβ) = O(ρ
n+1).
Setting ρ = 0 in the above equations, we have
(4.12) rN |M =
1
2n
∆br − r2 − 1
n
|A|2,
(4.13)
√−1Aγβ,β − (n+ 1)rγ |M = 0,
(4.14) Ricαβ = (n+ 1)r|Mhαβ.
For n > 1, the equation (4.14) implies that the induced pseudo-hermitian structure
at the boundary is pseudo-Einstein and
(4.15) r|M = Scal
n(n+ 1)
.
For n = 1 the pseudo-Einstein condition follows from (4.13) and (4.15). Differentiat-
ing (4.9) in the N direction k times and setting ρ = 0 gives expressions of Nk+1r|M
for 1 ≤ k ≤ n−1. When k = n, the coefficient of Nn+1r|M in the left-hand side be-
comes 0 and the right-hand side is a constant multiple of the Graham’s obstruction
function, which is known as a CR invariant (see [G1]). Therefore, in this case we
obtain an expression of the obstruction function in terms of the pseudo-hermitian
structure.
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From (4.15) and Corollary 3.6, we can express µ(M,ρ) only with pseudo-hermitian
structure. For n = 1, we have∫
M3
Π =
1
4pi2
∫
M
(
|A|2 − 1
4
(Scal)2
)
θ ∧ dθ.
This agrees with the Burns-Epstein invariant and (3.12) recovers the formula in
[BE2]. For n = 2, we have
(4.16)
∫
M5
Π =
1
16pi3
∫
M
( 1
54
(Scal)3 − 1
12
|R|2Scal +RαβγδAαγAβδ
)
θ ∧ (dθ)2.
4.4. CR invariance. It remains to show that µ(M,ρ) gives a CR invariant, which
we denote by µ(M). Recall that
∫
M
Πθ is defined for a CR manifold with a pseudo-
Einstein contact form θ. We shall prove that this integral is invariant under a
change of θ.
Theorem 4.6. If θ and θ̂ are pseudo-Einstein contact forms on M , then∫
M
Πθ =
∫
M
Π
θ̂
.
Proof. In the case n = 1, the integral is the Burns-Epstein invariant so it is invariant
under the change of θ. In higher dimensions, we can realizeM as the boundary of a
strictly pseudoconvex domain X in a Ka¨hler manifold (see [Le, Theorem 8.1]). We
may assume that M is connected. Let ρ, ρ̂ be global approximate solutions to the
Monge-Ampe`re equation such that (
√−1/2)(∂ρ− ∂ρ)|TM = θ and (
√−1/2)(∂ρ̂−
∂ρ̂)|TM = θ̂. We can write as θ̂ = eΥθ with a CR pluriharmonic function Υ. Since
X is Ka¨hler and M is connected, Υ extends to a pluriharmonic function on X (see
[Hi2, Theorem 7.1]). We set ρt = e
tΥρ (t ∈ [0, 1]), and write the corresponding
renormalized connection and curvature as (θt)i
j
and (Θt)i
j
respectively. By the
renormalized Gauss-Bonnet formula, it suffices to show that
(4.17)
d
dt
∣∣∣
t=0
∫
X
cn+1(Θt) = 0.
From (3.1), we have
(θt)i
j
= θi
j + t(δi
jΥk + δk
jΥi)θ
k
so that
θ˙ ji = (δi
jΥk + δk
jΥi) θ
k.
Here the dot denotes the differentiation in t at t = 0. Set
α =
∑
σ,τ
sign(στ) θ˙
τ(0)
σ(0) Θσ(1)
τ(1) · · ·Θσ(n)τ(n).
Then, calculating with a (1, 0)-frame for which θi
j = 0 at a point, we have
dα =
∑
σ,τ
sign(στ) Θ˙
τ(0)
σ(0) Θσ(1)
τ(1) · · ·Θσ(n)τ(n)
=
1
n+ 1
· (n+ 1)!
(√−1
2pi
)−(n+1) d
dt
∣∣∣
t=0
cn+1(Θt)
and so
(4.18)
d
dt
∣∣∣
t=0
∫
X
cn+1(Θt) =
1
n!
(√−1
2pi
)n+1 ∫
X
dα.
Let us prove that α can be expressed as ∂Υ∧Q(Θ) near M for some GL(n+1,R)-
invariant polynomial Q. Put
P (A0, A1, · · · , An) =
∑
σ,τ∈Sn+1
sgn(στ) (A0)σ(0)
τ(0) · · · (An)σ(n)τ(n)
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so that
α = P ((δi
jΥk + δk
jΥi)θ
k,Θ, · · · ,Θ)(4.19)
= P (∂Υδi
j ,Θ, · · · ,Θ) + P (Υiθj ,Θ, · · · ,Θ).
Since P is an invariant polynomial, it can be written as
P (A0, · · · , An) =
∑
i0+···+il=n
σ∈Sn+1
ai0···iltr
(
Aσ(0) · · ·Aσ(i0)
)
tr
(
Aσ(i0+1) · · ·Aσ(i0+i1)
)
· · · tr
(
Aσ(i0+···+il−1+1) · · ·Aσ(n)
)
.
The first term in the last line of (4.19) can be written as ∂Υ ∧ Q′(Θ) with an
invariant polynomial Q′. By the definition, the renormalized connection satisfies
dθi = θj ∧ θji and θj ∧ Θji = 0 near M . Therefore, in P (Υiθj ,Θ, · · · ,Θ), terms
which do not involve tr(Υiθ
j)(= ∂Υ) must vanish near the boundary. So this is
also of the required form.
Now by Stokes’ theorem we can replace α in (4.18) by ∂Υ ∧ Q(Θ). Since Υ is
pluriharmonic in X and Q is an invariant polynomial, we have d(∂Υ ∧Q(Θ)) = 0,
from which (4.17) follows. 
5. Examples
5.1. Tube domains. Let L be a negative line bundle over a 2-dimensional compact
complex manifold Y , and h a hermitian metric on L such that g = ∂∂ log h > 0.
We assume that g is a Ka¨hler-Einstein metric. We consider a tube domain X =
{v ∈ L |h(v, v) < 1} and its boundaryM = ∂X . A defining function ρ = log h(v, v)
satisfies ∂∂ρ = g
αβ
θα ∧ θβ , so M is strictly pseudoconvex and the Levi form with
respect to a contact form θ = (
√−1/2)(∂ρ−∂ρ)|TM is gαβ . It also follows that the
TW connection is given by the Levi-Civita connection ωβ
α of g and the TW torsion
vanishes: Aαβ ≡ 0. Since g is Einstein, θ is pseudo-Einstein. We shall prove:
Proposition 5.1. Let L, Y, g, M be as above. Then
µ(M) =
σ
36
(
χ(Y )− 1
8pi2
∫
Y
|Weyl|2volg
)
,
where σ and Weyl are respectively the scalar and the Weyl curvatures of g as a
Riemannian metric.
Proof. Since Aαβ = 0 and Scal is constant, the formula (4.16) gives
(5.1) µ(M) =
Scal
96pi3
∫
M
(1
9
Scal2 − 1
2
|R|2
)
θ ∧ (dθ)2.
Taking fiber coordinates ζ = re
√−1t, we compute as
θ ∧ (dθ)2 = Im(∂ρ|M ) ∧ (
√−1g
αβ
θα ∧ θβ)2(5.2)
= Im
(
∂ log h+
dζ
ζ
)∣∣∣
M
∧ 2 volg
= 2dt ∧ volg.
We regard g as a Riemannian metric, and denote the Riemannian and the Weyl cur-
vatures by (Rm)IJKL and (Weyl)IJKL respectively. Here the indices run through
values 1, 2, 1, 2. Our sign convention is such that (Rm)αβγδ = Rαβγδ. Then since g
is Einstein, we have
(Rm)IJKL = (Weyl)IJKL +
σ
12
(g
IL
g
JK
− g
IK
g
JL
),
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where σ = 2Scal is the Riemannian scalar curvature of g. Hence we have
(5.3) |Weyl|2 = 4|R|2 − 1
6
σ2.
From (5.1), (5.2) and (5.3), we obtain
µ(M) =
σ
36
· 1
32pi2
∫
Y
(1
6
σ2 − 3|Weyl|2
)
volg.
On the other hand, the Gauss-Bonnet formula on an Einstein 4-manifold implies
1
32pi2
∫
Y
(1
6
σ2 + |Weyl|2
)
volg = χ(Y ).
Consequently we have
µ(M) =
σ
36
(
χ(Y )− 1
8pi2
∫
Y
|Weyl|2volg
)
.

5.2. Reinhardt domains. As a second example, we consider a family of Reinhardt
domains Ωr = {(w0, w1, w2) ∈ C3 |
∑
(log |wi|)2 < r2}. These domains are strictly
pseudoconvex and the formula of µ(∂Ωr) is given by the following proposition.
Proposition 5.2. Let Ωr ⊂ C3 be as above. Then
µ(∂Ωr) = −20pi
27
1
r3
.
Moreover, Ωr and Ωr′ are biholomorphic if and only if r = r
′.
Proof. By taking log of each coordinate, Ωr is mapped biholomorphically to Ω
′
r =
{(zi = xi + √−1yi) | ∑(xi)2 < r2, yi ∈ R/2piZ} ⊂ C3/Z3. We take ρ =
2(
∑
(xi)2 − r2) as a defining function of Ω′r and compute µ(∂Ω′r). Since O(3)×T3
acts transitively on ∂Ω′r as local CR diffeomorphisms and the contact form θ =
(
√−1/2)(∂ρ − ∂ρ) is invariant under this action, it suffices to compute Πθ at a
point p = (r, 0, 0) ∈ ∂Ω′r. In a neighborhood of p, we can write as
∂∂ρ = hαβθ
α ∧ θβ + κ∂ρ ∧ ∂ρ,
where
hαβ = δαβ + (x
0)−2xαxβ , θα = dzα − 1
2
(x0)−2
∑
γ
hαγxγ∂ρ,
κ =
1
4
(x0)−2 − 1
4
(x0)−4
∑
µ,γ
hµγxµxγ .
We set x′ = (x1, x2). Then, since (x0)−2 = r−2 +O(|x′|2) on ∂Ω′r,
hαβ = δαβ +
xαxβ
r2
+O(|x′|4),
hαβ = δαβ − x
αxβ
r2
+O(|x′|4),
θα|T∂Ω′r = dzα −
√−1
2
xα
r2
θ +O(|x′|3).
Differentiating the last equation, we have
dθα|T∂Ω′r = θβ ∧
(
−
√−1
4r2
θδβ
α +
xα
2r2
δβµθ
µ
)
+ θ ∧
√−1
4r2
δαγθ
γ +O(|x′|2).
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It follows from this equation that the TW torsion and the TW connection form
satisfy
(5.4) Aαγ = −
√−1
4r2
δαγ +O(|x′|2)
and
ωβ
α = −
√−1
4r2
θδβ
α +
xα
2r2
δβµθ
µ +Bγβ
αθγ +O(|x′|2)
with some tensor Bγβ
α = Bβγ
α. One can determine Bγβ
α to be (xα/2r2)δγβ from
the condition dhαβ = ωα
γhγβ + hαγωβ
γ . The curvature form at p is given by
Ωβ
α(p) =
1
4r2
(
δγµδβ
α + δβµδγ
α − δβγδµα
)
θγ ∧ θµ
+
1
4r2
δγ
αδβµθ
γ ∧ θµ + 1
4r2
δγ
αδβµθ
γ ∧ θµ.
Therefore we have
(5.5) Rβ
α
γµ
=
1
4r2
(
δγµδβ
α + δβµδγ
α − δβγδµα
)
, Ricγµ =
1
2r2
δγµ, Scal =
1
r2
.
The second equation implies that θ is pseudo-Einstein. Using (4.16), (5.4) and (5.5)
together with the fact that θ ∧ (dθ)2 = 16r · vol∂Ω′r , we obtain
µ(∂Ωr) = µ(∂Ω
′
r) = −
20pi
27
1
r3
.
Now we recall the following theorem of Fefferman:
Theorem 5.3 ([Fe1]). Let Ω and Ω′ be strictly pseudoconvex domains. If Ω and
Ω′ are biholomorphic, then ∂Ω and ∂Ω′ are CR diffeomorphic.
Since µ(∂Ωr) is a CR invariant, it follows that Ωr and Ωr′ are biholomorphic if
and only if r = r′. 
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